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Abstract 
In order to investigate the dynamic impact of a moving surface load on a shallow-buried 12 
tunnel, an analytical model of a tunnel embedded in an elastic half-space was proposed. 13 
The half-space and the tunnel structure were modeled as visco-elastic media and the 14 
moving surface load was simplified as a moving point load on the ground surface. 15 
Based on the fundamental solution for the isotropic elastic half-space system in 16 
Cartesian and cylindrical coordinates, the dynamic response of a shallowly-buried 17 
tunnel in a half-space generated by a moving surface load was obtained. The 18 
transformations between plane wave and cylindrical wave functions were used to 19 
facilitate the application of boundary conditions at the ground surface and the tunnel 20 
interface. It was found that the vibration of the shallowly-buried tunnel increases 21 
significantly as the load moving speed increases, and reaches a maximum value at a 22 
critical load velocity. The tunnel vibration can be greatly reduced as the buried depth 23 
increases, and can satisfy the requirement of vibration specification (ISO 04866-2010) 24 
after it exceeds the critical depth. The critical depth increases exponentially with the 25 
increase of the moving speed of the surface load.  26 
Key words: surface moving loads; shallowly-buried tunnel; dynamic impact; analytical 27 
solution  28 
 
1. Introduction 29 
Underground tunnel is one of the most important transport infrastructures to 30 
reduce the traffic congestion pressure in densely populated cities. As most of them are 31 
constructed closely to buildings in urban areas, underground tunnels will inevitably 32 
cause nuisances to the environment nearby [1]. Meanwhile, the moving traffic on the 33 
ground surface may cause dynamic impact on the underground tunnel, including the 34 
excessive vibration of the lining and excessive dynamic stress on the tube, which 35 
threaten the stability of the tunnel structure during the excavation stage. 36 
In the past decades, the ground vibrations caused by the operation of moving 37 
traffics have been extensively investigated [1-3], and it was found that significant 38 
nuisance could be caused to the environment by the operation of trains in the 39 
underground tunnel [2-3]. While the dynamic impact of moving traffics at ground 40 
surface on the underground tunnel remains unclear. 41 
In fact, during the construction of underground tunnel in soft clay, the moving 42 
traffic on the ground surface may exert significant impact on the shallow-buried tunnel 43 
and even endanger the safety of tunnel. Soft clay is widely spread in eastern coastal 44 
areas of China, e.g., Shanghai, Hangzhou, Guangzhou and Hong Kong. The metro-lines 45 
were sometimes excavated very close to the existing highway roads or railway lines, 46 
the surface traffic loads may generate excessive dynamic stress on the primary lining 47 
before the soft soils have been fully supported by the secondary lining. As reported by 48 
Cai et al. [3], the operation of heavy truck on the highway surface was one of the major 49 
factors which caused the collapse of the Zizhi tunnel in Hangzhou when excavated in 50 
the mucky silty clay. In order to guarantee the safety of the tunnel excavation and the 51 
surface traffic operations, it is urgent to carry out research to evaluate the dynamic 52 
impact of surface traffic loads on the underground tunnel. Currently rare theoretical 53 
study has been conducted on the dynamic impact of moving surface loads on the 54 
 
underground tunnel. 55 
In this paper, a three-dimensional analytical model of a circular tunnel buried in a 56 
visco-elastic half-space was established to investigate the impact of a surface moving 57 
load on the shallowly-buried tunnel. The velocity and stress response at the tunnel vault 58 
generated by a moving surface load are presented for different load speeds and load 59 
frequencies. Furthermore, the effects of lining thickness and tunnel depth on the 60 
tunnel’s response due to the moving surface load were investigated. 61 
2. Theoretical model and solutions 62 
To investigate and evaluate the dynamic impact on the unground tunnel, an elastic 63 
dynamic model was established incorporating an elastic half-space and a circular tunnel 64 
as shown in Fig. 1. The ground was modelled as an isotropic viscoelastic material with 65 
a density ρ and Lamé constants λ and μ. The lining structure was modelled as a hollow 66 
cylinder with an inner radius a and an outer radius b. The lining has a density ρt and 67 
Lamé constants λt and μt. A moving surface load with a speed c and excitation frequency 68 
f0 acts on the ground surface (x=d, y=0 m) and moves along the z direction. 69 
 70 
Fig. 1. The theoretical model of a tunnel buried in an elastic half-space 
For the isotropic visco-elastic half-space, the governing equations are given as [4]: 71 
( 2 ) ( ( )O P P U    u uu) u = u                                 (1) 72 
where u is the displacement vector,   is the Laplace operator and the dot over u 73 
 
denotes the differential with respect to the time t. 74 
The traction on a plane with normal direction ex is expressed as 75 
( ) ( )e u e u+ u+x x x xu  w O P Pt                                        (2) 76 
where ex, ey, ez are unit vectors in Cartesian coordinate system. 77 
The traction on a cylindrical surface with normal direction er is expressed as 78 
( ) ( ) 2 ( )e u e u+ u+ e ur r r r  w u uO P Pt                              (3) 79 
where er, eφ, ez are the unit vectors in the cylindrical coordinate system. 80 
The displacement field in a half space with a cavity is a sum of the displacement 81 
caused by down-going plane waves and that caused by outgoing cylindrical waves. The 82 
total displacement field can be written as 83 
1 2 u u u                                                    (4) 84 
where u1 is the displacement vector for down-going waves and u2 is the displacement 85 
vector for outgoing waves. 86 
The displacement vectors u1 and u2 can be decomposed into three scalar potentials 87 
1 1 2 3( ) ( )u e ez zM M M  u uu                                    (5a) 88 
2 1 2 3( ) ( )u e ez zF F F  u uu
                                  
(5b) 89 
where  jM  is the potential for the down-going waves and jF is potential for the outgoing 90 
waves. The subscript j denotes the longitudinal (P, j=1), vertical transverse (SV, j=2) 91 
and horizontal transverse (SH, j=3) waves. 92 
The potentials for down-going plane waves can be assumed as follows (Yuan et al. 93 
2018) 94 
pi( )
1 1ˆ e cos
qz h xA pyM                                                     (6) 95 
i( )
2 2ˆ e coss
qz h xA pyM                                                     (7) 96 
i( )
3 3ˆ e sins
qz h xA pyM                                                      (8) 97 
 
where the hat “^” on the potentials denotes that the potentials are solved in the 98 
frequency-wavenumber (ω-q-p) domain; Aj are the unknowns determined from the 99 
boundary conditions; s,p s,p/k cZ   are the wave numbers with the shear and 100 
compressional wave velocity defined as s /c  P U and (2 ) /pc O P U  , respectively; 101 
hs,p= 2 2 2s,pk q p   are wavenumbers in the x direction; p and q are wavenumbers in the 102 
y and z direction, respectively. The potentials for up-going waves ˆ jM  (j=1, 2, 3) can be 103 
obtained by replacing -hs,p with hs,p in the Eqs. (6)-(8). 104 
The displacement caused by the down-going waves can be obtained by 105 
substituting Eqs. (6)-(8) into Eq. (5a) 106 
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(9) 108 
where 1ˆiju   (i=x, y, z) represents the displacement component for the down-going plane 109 
waves. 110 
The stress vector due to down-going waves can be obtained by substituting Eq. (9) 111 
into Eq. (2) 112 
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where 1ˆijV   (i=x, y, z) denotes the stress component for the down-going plane waves.  114 
The potentials for outgoing cylindrical waves can be assumed as 115 
(1) i
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(1) i
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  ¦ ¦                                    (13) 118 
where the hat “~” on the potentials denotes that the potentials are solved in the 119 
frequency-wavenumber (ω-q) domain; (1)mH is the Hankel function of the first kind, m=0, 120 
1,….; 2 2s,p s,pg k q   is wavenumber in the r direction. The regular cylindrical vector 121 
wave functions 0jmF (j=1, 2, 3) can be obtained by replacing the Hankel function 
(1)
mH  122 
with a Bessel function (1)mJ  in Eqs. (11)-(13). 123 
The displacement due to the out-going waves can be obtained by substituting Eqs. 124 
(11)-(13) into Eq. (5b) 125 
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 (14) 126 
where 2iju   (i=r, φ, z) represents displacement component for the outgoing cylindrical 127 
waves. 128 
The stress vector due to the outgoing waves can be obtained by substituting Eq. 129 
(14) into Eq. (3) 130 
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where 2ˆ ijV  represents stress component for the out-going plane waves (see Yuan et al. 132 
[5]). 133 
In order to apply the boundary condition on the ground surface, the transformation 134 
of the outgoing waves to the up-going plane waves is required. The unit point load 135 
acting on the ground surface (x=d, y=0), 0-i2π( ) ( )e ef t xz ct yG G F  can be expanded into 136 















S S³ ³F                              (16) 138 
 
In order to apply the boundary condition at the tunnel-soil interface, the down-139 
going plane waves should be transformed to regular cylindrical waves. Combined with 140 
the boundary conditions at the surface and tunnel-soil interface, total displacement in 141 
the half-space is described with the cylindrical coordinates: 142 
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The total displacement field in the lining structure is 145 
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(18) 146 
The detail for the wave transformation and the definition of coefficients can refer 147 
to Yuan et al. [5,8]. 148 
3 Numerical results 149 
3.1 Verification of the proposed approach 150 
In order to verify this model, the comparisons between the present work and Hung 151 
and Yang [6] were presented. Hung and Yang [6] studied the vibrations of an elastic 152 
half-space generated by a moving surface load with semi-analytical methods. By 153 
reducing the radius of the buried tunnel to a=0.1m, the normalized displacement 154 
response, (4 / )z zu G P uS
   (P is the load amplitude and G is the soil shear modulus) for 155 




Fig. 2. Comparison with Hung and Yang [6] 
3.2 Responses of a tunnel generated by a moving harmonic surface load 158 
In this subsection the dynamic response of the tunnel generated by a unit moving 159 
harmonic load is investigated for different moving velocities. The amplitude of load is 160 
taken as 200kN which simulates heavy vehicles and the load frequency is taken as 5 161 
Hz. The parameters for the elastic soil and the lining are listed in Tables 1 and 2, 162 
respectively. Unless otherwise specified, the tunnel has an outer radius of 5 m (b=5 m) 163 
with a thickness of 0.25 m (b-a), and a depth d=15 m.  164 
Table 1 Parameters of half-space soil medium 
Lamé constants of the ground, μ 1.2×107 N/m2 
Lamé constants of the ground, λ 3.7×107 N/m2 
Density of the half-space, ρ 1900 kg/m3 
Damping of the half-space, δ 0.05 
Table 2 Parameters of lining structure 
Lamé constants of lining, μt 1.9×1010 N/m2 
Lamé constants of lining, λt 2.88×1010 N/m2 
Density of lining, ρt 2400 kg/m3
Damping of lining, δ 0.02 
    The point A (x=5 m, y=0 m, z=0 m) at the vault of the tunnel is chosen as the 165 
observation point, see in Fig. 1. The time history of the vertical displacement at point 166 
A caused by a moving harmonic load is plotted in Fig. 3, where t=0 s corresponds to 167 








 Hung and Yang [6]
 
the moment when the point load passes through the origin (z=0 m). Three load speeds 168 
c=20 m/s, 60 m/s and 100 m/s are used for the computations. As shown in Fig. 3(a), the 169 
vertical displacement at point A reach a peak value at t=0 s, and the corresponding 170 
maximum values are 2×10-4m, 4×10-4m and 7×10-4m for the load speeds c=20m/s, 171 
60m/s and 100m/s, respectively. It can be found that an increase in the load speed results 172 
in an obvious increase of the displacement response. Fig. 3(b) presents the 173 
corresponding frequency spectrum of the displacement response. When load speed is 174 
20m/s, the frequency components distribute mainly in the range between 3Hz and 7Hz. 175 
As the load speed increases to 60m/s and 100m/s, the corresponding frequency 176 
components mainly distribute in the range of 1-10Hz and 0-15Hz. This is due to the 177 
well-known Doppler effects, and the frequency range can be calculated by 178 
fcr=f0/2π(1±c/cR) (fcr is the upper and lower limit of the frequency range and cR is the 179 
Rayleigh wave speed of the ground). 180 
 
Fig. 3. The vertical displacement of the tunnel to a moving harmonic load: (a) time 
history, (b) frequency spectrum 
Fig. 4 gives the vertical velocity response at the tunnel vault (point A) and radial 181 
stress responses around the tunnel periphery under different speed loads for a tunnel 182 
depth 15 m (d/b=3). As can be seen in Fig. 4(a), the maximum velocities are 5.3×10-183 
3m/s2, 6.4×10-3m/s2 and 9×10-3m/s2 for c=20 m/s, 60 m/s and 100 m/s, respectively. The 184 
velocity of the lining increases apparently with the increase of loading speed. Another 185 
 
observation from Fig. 4(a) is that the peak-peak responses duration at the point A is 186 
shortened as the load speed increases. To investigate the spatial distribution of the stress 187 
response around the tunnel, the amplitude of the radial stress response at the soil-tunnel 188 
interface is displayed in Fig. 4(b). The load speed has a significant influence on the 189 
dynamic stress, especially at the vault of the tunnel. 190 
 
Fig. 4. Velocity and stress response of the tunnel to a moving harmonic load: (a) 
vertical velocity and (b) radial stress 
 
Fig. 5. The maximum radial stress at point A against the dimensionless load speed  
Fig. 5 presents the maximum radial stress at the observation point A against the 191 
load speed to further investigate the load speed effect. The dimensionless load speed is 192 
selected as c/cs, in which cs is the shear wave speed of soil. As can be seen in Fig. 5, 193 
the maximum radial stress increases rapidly with load speed c and reach a sharp peak 194 
 
at a certain velocity, which is defined as the critical velocity of the tunnel-soil system. 195 
The critical velocity is about 0.95 cs.  196 
In order to investigate the effect of the tunnel buried depth on the tunnel radial 197 
stress, the radial stress of the tunnel at three buried-depths is presented in Fig. 6. It is 198 
clearly shown that the maximum dynamic stress decreases rapidly as the tunnel-buried 199 
depth increases. Comparisons between Fig. 6(a) and Fig. 6(b) show that the dynamic 200 
stress vanishes more rapidly versus the tunnel depth at a high load velocity.  201 
 
Fig. 6. The radial stress under different tunnel buried depth: (a) c=20 m/s and (b) 
c=100 m/s 
To illustrate the effects of the tunnel-buried depth more clearly, Fig. 7 presents the 202 
maximum dynamic stress and velocity against the tunnel-buried depth. It is shown that 203 
the dynamic stress and vibration velocity decrease rapidly with the depth for both low 204 
and high load speeds. The effect of load speed on the dynamic response is weakened as 205 
the tunnel-buried depth increases. Fig. 7(a) gives the radial stress at the observation 206 
point A. When d/b=2, the radial stress of the observation point to a moving load of 207 
c=20m/s is 16kPa, which accounts for about 16% of the overburden stress here; as the 208 
load speed increases to 100m/s, the radial stress is 32kPa which accounts for about 32% 209 
of the overburden stress. Thus, for a shallowly-buried tunnel, the dynamic stress caused 210 
by a surface load cannot be ignored, especially when the traffic speed is high. Fig. 7(b) 211 
 
gives the maximum tunnel vibration velocity against the buried depth. It is also shown 212 
that the velocity decreases rapidly as the tunnel buried depth increases. Currently, there 213 
is no specification for vibration restriction of underground construction caused by 214 
surface traffic load. Thus, the present study adopts the vibration limit of 1.0×10-2 m/s 215 
according to the ISO specification (04866-2010) [7] which gives the allowable 216 
vibration of surface building caused by moving traffics. It is shown in Fig. 7(b) that the 217 
tunnel vibration exceeds the vibration limit 1.0×10-2 m/s when the tunnel is shallowly-218 
buried tunnel for the certain traffic loading. When the tunnel-buried depth exceeds the 219 
critical depth dc, the vibration of the tunnel will be attenuated to a value below the limit. 220 
The critical depth dc is about 11.5 m for of the load speed 20 m/s and 16 m for the load 221 
speed of 100 m/s.  222 
 
Fig. 7. The maximum responses at the tunnel vault against the tunnel buried depth (a) 




Fig. 8. The critical tunnel-buried depth against the velocity of the surface load 
Fig. 8 shows the variation of the critical tunnel-buried depth with the change of 223 
load speed. It can be seen that the critical depth dc grows exponentially as the load speed 224 
increases. This indicates that the dynamic magnification and the influence zone of the 225 
moving surface loads increases as the load speed increases.  226 
4.  Conclusion 227 
In the present work, the impact of moving surface loads on the underground tunnel 228 
was investigated by a three-dimensional analytical model of a circular tunnel buried in 229 
the elastic half-space. A parametric analysis was performed for different moving speed 230 
and tunnel depth. The main conclusions of this paper are summarized as follows: 231 
(1) The dynamic response of the tunnel generated by the moving surface load 232 
increases with the loading velocity, which reaches a peak value at the critical velocity 233 
of about 0.95 Vs. The effects of the load speed become minimized as the tunnel buried 234 
depth increases. 235 
(2) The dynamic response of the tunnel can be greatly reduced as the tunnel buried 236 
depth increases. The critical tunnel-buried depth, exceeding which the tunnel vibration 237 
meets the allowable limit (given by ISO 04866), increases exponentially with the 238 
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